Abstract. In this paper, we first associate a plane graph with an oriented link via replacing each edge of the graph by an alternatingly oriented 2-tangle. Then we establish a relation between the Homfly polynomial of the associated oriented link and the dichromatic polynomial of the plane graph by assigning suitable edge weights. This result extends work of F. Jaeger and L. Traldi.
Introduction
The paper is inspired by work of F. Jaeger [11] and L. Traldi [22] . In [11] , F. Jaeger associated an oriented link to a plane graph by replacing each edge of the graph by an oriented clasp as shown in Figure 1 (the highest one). Then he built a relation between the Tutte polynomial [24] of the graph and the Homfly polynomial [10, 19] of the associated oriented link. In [22] , L. Traldi introduced a dichromatic polynomial for weighted graphs, which is one of the weighted versions of the Tutte polynomial [2] . He, together with T. Przytycka and J. Przytycki, associated a plane graph with an oriented link by replacing each edge by one of four types of oriented clasps as shown in Figure 1 . Then he established a relation between the dichromatic polynomial of the plane graph with four different edge weights and the Homfly polynomial of his associated oriented link.
It is natural to consider whether clasps can be generalized to any 2-tangles. We do not know whether arbitrary tangles can be used, but in this paper we prove that arbitrary alternatingly oriented tangles as shown in Figure 2 (right) can be used. To be precise, we first associate a plane graph G with an oriented link D(G) by replacing each edge e of the graph by an alternatingly oriented 2-tangle T e . Note that different edges can be replaced by distinct alternatingly oriented 2-tangles. Then we prove that the Homfly polynomial of the associated link can always be obtained, except a factor from the dichromatic polynomial of the weighted plane graph, by assigning suitable weights to the edges. Furthermore, the weight of the edge can be obtained from the Homfly polynomials of the numerator and denominator of the corresponding alternatingly oriented 2-tangle. Our result includes works of [11] and [22] as special cases and thus extends their works. We mention that, however, our result does not provide a description of the Homfly polynomial of an arbitrary link diagram using dichromatic polynomials since there exist 2-tangles, say, individual crossings, which are not alternatingly oriented.
The idea of carrying out calculations of knot and link invariants by exhausting the crossings inside each tangle separately is implicit in Conway's 1969 paper [5] . Since then it has been used by researchers who were studying knots and links with the same polynomials. For instance, see [9] , [17] and [25] . This idea is also used in our proof of Lemma 4.1. Similarly, the idea of computing Tutte polynomials by analyzing certain particular types of subgraphs or submatroids is not new. It goes back to T. Brylawski [4] and has been further developed by other authors, say, J. G. Oxley and D. J. A. Welsh [18] , D. R. Woodall [26] , and L. Traldi [23] . The fact that tangle substitutions correspond to 2-sums was noted by W. Schwärzler and D. J. A. Welsh [21] . We mention some fairly recent papers about the computation of Jones polynomials, including [7] , [8] and [12] .
The oriented link diagram associated with the plane graph
The construction of oriented link diagrams associated with plane graphs in this section is essentially the same to those of [11] and [22] . We first need the notation of the medial graph of a plane graph.
A graph is said to be trivial if it is an isolated vertex. The medial graph M (G) of a connected non-trivial plane graph G is a 4-regular plane graph obtained by inserting a vertex on every edge of G and then joining two new vertices by an edge lying in a face of G if the vertices are on adjacent edges of the face. If G is trivial, its medial graph is a simple closed curve surrounding the vertex (strictly, it is not a graph). If G is not connected, its medial graph M (G) is the disjoint union of the medial graphs of its connected components.
Note that the dual of M (G) is bipartite. We can color the faces of the medial graph M (G) white and black in a checkerboard fashion with the unbounded face colored white. Thus the vertices of G correspond to the black faces of M (G) and the faces of G correspond to the white faces of M (G). Orienting all edges in the boundary of each black face counterclockwise (or equivalently, orienting edges in the boundary of each white face clockwise), we obtain an edge orientation of M (G).
Let G be a plane graph with oriented medial graph M (G). Replacing each edge e of G with the oriented medial structure on it as shown in Figure 2 (left) by an alternatingly oriented tangle T e as shown in Figure 2 (right), we obtain an oriented link and denote it by D(G). We call a 2-tangle an alternatingly oriented tangle if it has an orientation as shown in Figure 2 We can divide the unoriented 2-tangles into three types according to the connections of their four endpoints inside the tangle boxes. If NW is connected to NE (resp. SW and SE), the 2-tangle is of type I (resp. II and III). It is clear that a 2-tangle can be alternatingly oriented if and only if it is not of type III. A 2-tangle without circles inside the tangle box is alternatingly oriented if and only if one of its numerator and denominator is a 2-component link and the other is a knot. As the generalization of clasps, the horizontal (resp. vertical) even integer tangle [2n] (resp. [2n]) as shown in Figure 3 can be alternatingly oriented. Note that when n > 0, each crossing of the even integer tangle is positive; when n < 0, each crossing of the even integer tangle is negative. 
Homfly and dichromatic polynomials
In this section, we provide some preliminary knowledge on Homfly and dichromatic polynomials.
3.1. The Homfly polynomial. The Homfly polynomial is an invariant of oriented links, introduced in [10] and [19] independently. Now we recall the definition of the Homfly polynomial and some of its basic properties.
Definition 3.1 ([6]
). The Homfly polynomial of an oriented link L, denoted by P L (v, z), can be defined by the three following axioms:
where L + , L − and L 0 are link diagrams which are identical except near one crossing where they are as in Figure 5 and are called a skein triple. The Alexander [1] , Conway [5] and Jones [14] polynomials are all its special cases, i.e.
The following basic property of the Homfly polynomial will be used.
In particular,
where is a trivial knot.
The dichromatic polynomial of weighted graphs.
A weighted graph is a graph G together with a function w mapping E(G) into some commutative ring R with unity 1. If e is an edge of G, then w(e) is the weight of the edge e. The dichromatic polynomial for weighted graphs was introduced by L. Traldi in [22] , which is the generalization of the Tutte polynomial for graphs constructed by Tutte [24] and the Tutte polynomial for signed graphs introduced by L. H. Kauffman [15] .
Let G = (V, E) be a graph. We denote by k(G) the number of connected components of G. We use r(G) = |V | − k(G) and n(G) = |E| − |V | + k(G) to denote the rank and nullity of the graph G, respectively.
where k F and n F are the number of connected components and the nullity of the spanning subgraph F , induced by F , of G, respectively.
When w(e) = 1 for each edge e of G, Q G (t, z) reduces to a variant of the Tutte polynomial, called the Whitney-Tutte polynomial in [2] . We should point out that despite the fact that the dichromatic polynomial is defined to be a polynomial in t and z, we do not require that t and z be indeterminates; indeed, it is often convenient to treat t and z as elements of R.
Let e be an edge of the graph G. We shall use G−e and G/e to denote the graphs obtained from G by deleting the edge e and contracting the edge e (i.e. deleting the edge e first and then identifying its two endvertices), respectively. When e is a loop, G − e = G/e. The following recursive relations hold, which may be taken as an alternative definition of the polynomial; see [22] .
(1) If G is an edgeless graph with n ≥ 1 vertices,
If e is not a loop of G, then
In the next section we shall study the possibility of computing the Homfly polynomials of D(G) via the dichromatic polynomial of weighted graph G and establish a relation between the two.
The relation between the two
Let G be a plane graph and D(G) be its associated oriented link. In this section we shall study the relation between the Homfly polynomial of D(G) and the dichromatic polynomial of weighted G.
Let G be a plane graph and D(G) be its associated oriented link diagram. Let e be an edge of G. Then G − e and G/e are also plane graphs. We use D(G − e) and D(G/e) to denote the oriented link diagrams associated with G − e and G/e with the oriented tangles to replace edges in E − {e} unchanged, respectively. 
where L(e; v, z) is a Laurent polynomial in v and z, and depend on the edge e. (2) When e is not a loop, P D(G) = M (e; v, z)P D(G−e) + N (e; v, z)P D(G/e) , (4.2)
where M (e; v, z) and N (e; v, z) are Laurent polynomials in x, y and z, and depend on the edge e.
Proof.
(1) e is a loop.
Note that in this case D(G) is the connected sum of D(G−e) and De(T e ); we have
Thus, the lemma holds. Suppose that the lemma holds for c(T e ) < l. Now we consider the tangle T e with c(T e ) = l. There are two cases: (a) The end NW of the tangle T e is connected, via the tangle box, to the end NE, and the end SE is connected to the end SW . By switching a sequence of crossings of T e , we can separate T e to a tangle T e , which is the disjoint union of the arc NW NE, SESW and (possibly) the remaining link diagram L e . Let D (G) be the link diagram obtained from D(G) by substituting T e with T e . Then, by Eq. (3.3), we have
If L e does not exist, then D (G) = D(G − e). Thus, by applying the skein relation successively, we can convert the Homfly polynomial of D(G) to the combination of those of D (G) and some D (G)'s obtained from D(G) by changing T e to T e with c(T e ) < l.
In Figure 6 , we give an example and its process of the conversion. (b) The end NW of the tangle T e is connected, via the tangle box, to the end SW , and the end SE is connected to the end NE. By switching a sequence of crossings of T e , we can separate T e to a tangle T e which is the disjoint union of the arc NW SW , SEN E and (possibly) the remaining link diagram L e . Let D (G) be the link diagram obtained from D(G) by substituting T e with T e . Then, by Eq. (3.3), we have
If L e does not exist, then D (G) = D(G/e).
Thus, by applying the skein relation successively, we can convert the Homfly polynomial of D(G) to the combination of those of D (G) and some D (G)'s obtained from D(G) by changing T e to T e with c(T e ) < l.
By the induction hypothesis, the lemma holds.
Theorem 4.2. Let G be a plane graph and D(G) be its associated link diagram. Then P D(G) (v, z) can be written as
if and only if
is independent of the edge e. Furthermore, does not depend on the edge e. Let
.
By Eqs. (4.1) and (4.2), we havẽ
When G is an edgeless graph with n ≥ 1 vertices, D(G) is the trivial link with n components. We haveP
does not depend on the edge e, we obtaiñ
where the weight w(e) of edge e of G is
Then
(1) If G is an edgeless graph with n ≥ 1 vertices, 1 + w(e)β(v, z) 
If e is not a loop of G, theñ , which does not depend on the edge e. Now we consider some special cases. Let the weight of the edge replaced by the vertical (resp. horizontal) integer tangle 
The following special case of Corollaries 4.4 and 4.5 may be of interest and extends Corollary 3 of [11] . 
where the sum is over all spanning trees T of G.
Proof. It is well known that the Conway polynomial is the special case v = 1 of the Homfly polynomial.
(1) The case of D c (G). In this case w(e) = 1 n e z and ν(e) = n e z. Hence,
(2) The case of D s (G). In this case w(e) = n e z and ν(e) = 1. Hence,
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It is natural that one may expect that the values of
will be different, i.e. depending on the alternatingly oriented tangle T . In this sense the following result is a little surprising.
Lemma 4.7. For any alternatingly oriented tangle
Proof. From the proof of Lemma 4.1 we know that L(T ) = P De(T ) , where De(T ) is the denominator of the alternatingly oriented tangle T . Enlightened by the proof of Lemma 4.1, we can see that for an alternatingly oriented tangle as shown in Figure 2 (right), we have the following decomposition:
where M (T ) and N (T ) are Laurent polynomials in v and z. Let Nu(T ) be the numerator of the oriented tangle T . Then we have
By solving the above two equations, we obtain
Hence, 
where μ(e) = [3] and the chain polynomial [20] are, at least to some extent, both versions of edge weighted Tutte polynomials. It is not difficult to convert the computation of dichromatic polynomial of weighted graphs to those of the Tutte polynomial of colored graphs and the chain polynomial of labeled graphs.
The Jaeger and Traldi results
In this section, we explain explicitly how Jaeger's and Traldi's results come from our results. The definition of the Homfly polynomial has several different forms, although all these forms are equivalent. We take the 2-variable form in this paper, while F. Jaeger and L. Traldi in their papers take the 3-variable form.
Let G be a plane graph and let D 1 (G) be Traldi's oriented link diagram obtained from G by replacing each edge by one of four types of oriented clasps as shown in Figure 1 . Let a, b, c and d be the number of edges of G which are replaced by the first, second, third and fourth oriented clasps (from top to bottom), respectively. Note that the first and the second clasps are vertical integer tangles [2] and [−2], and the third and the fourth clasps are horizontal integer tangles [2] and [−2]. According to Theorem 4.3, we obtain the 2-variable form of Traldi's Theorem 5 in [22] .
